A graph G is equitably k-choosable if for any k-uniform list assignment L, there exists an L-colorable of G such that each color appears on at most
Introduction
In this paper, we consider only simple graphs. For a planar graph G, we denote its vertex set, edge set, face set, maximum degree and minimum degree by V (G), E(G), F(G), ∆(G) and δ(G), respectively. Let d G (x), or simply d(x), denote the degree of a vertex (face) x in G. A vertex (face) x is called a k-vertex (k-face) or k + -vertex (k + -face) if d(x) = k or d(x) ≥ k. For v ∈ V (G) and i ∈ {2, 3}, let n i (v) denote the number of i-vertices adjacent to v and m 3 (v) denote the number of 3-faces incident to v. For f ∈ F(G), let m 3 ( f ) denote the number of edges in E( f ) that are incident to a 3-face. We use (d 1 , d 2 , d 3 ) to denote a 3-face if d 1 , d 2 , d 3 are the degrees of vertices incident to this 3-face. A graph G is 3-degenerate if its every subgraph has a vertex of degree at most 3. In many applications of graphs coloring, it is desirable that the color classes are not too large. Examples are the mutual exclusion scheduling problem [1, 2] and construction timetables [3] . Equitable coloring has a well-known property that restricts the size of each color class: A proper vertex coloring of a graph is equitable if the sizes of the color classes differ by at most 1. Kostochka, Pelsmajer and West introduced the list analogue of equitable coloring [4] . A list assignment L for a graph G assigns to each vertex v ∈ V (G) a set L(v) of acceptable colors. An L-coloring of G is a proper vertex coloring such that for every v ∈ V (G) the color on v belongs to
Given a k-uniform list assignment L for a graph G, we say that G is equitably L-colorable if G has an L-coloring such that each color appears on at most Kostochka, Pelsmajer and West [4] investigated the equitable list coloring of graphs. They proposed the following conjectures. Conjecture 1. Every graph G is equitably k-choosable whenever k > ∆(G).
Conjecture 2.
If G is a connected graph with maximum degree at least 3, then G is equitably ∆(G)-choosable, unless G is a complete graph or is K k,k for some odd k.
Conjecture 1 has been proved for ∆(G) ≤ 3 independently in [5, 6] . It was proved in [4] that a graph G is equitably k-choosable if either k ≥ max{∆(G), |V (G)|/2} and G does not contain K k+1 , and either k is even or G is not K k,k ; or k ≥ 1 + ∆(G)/2 and G is a forest; or k ≥ ∆(G) and G is a connected interval graph (other than K k+1 ); or k ≥ max{∆(G), 5} and G is a 2-degenerate graph. Pelsmajer [5] proved that every graph G is equitably k-choosable
In this paper, we prove that every planar graph without 4-and 6-cycles is equitably k-choosable whenever k ≥ max{∆(G), 6}.
Graphs with no 4-or 6-cycles
Lemma 1 ([4]). Let G be a graph with a k-uniform list assignment L. Let S = {v 1 , v 2 , . . . , v k }, where {v 1 , v 2 , . . . , v k } are distinct vertices in G. If G − S has an equitable L-coloring, and |N G (v i )− S| ≤ k −i(1 ≤ i ≤ k), then G has an equitable L-coloring.
Lemma 2 ([7]
). Every planar graph without 6-cycles is 3-degenerate. Fig. 1) .
Proof. Let G be a counterexample on the minimum number of vertices. Then G is a connected planar graph with no 4-or 6-cycles that does not contain (1-1), (1-2), . . . , (1-27) .
The following identity is a straightforward consequence of Euler's formula:
To define a weight function w on V ∪ F, we let w(v) = 3d(v) − 10 if v ∈ V and w( f ) = 2d( f ) − 10 if f ∈ F. Thus x∈V ∪F w(x) = −20. We are going to redistribute the weight w(x) to its neighboring elements while the sum of weights is kept fixed. Let w (x) denote the new weight and w 3 (v) denote the weight transferred from a vertex v to 3-vertices adjacent to v. We use τ (x → y) to denote the amount transferred to an element y from an element x.
By Corollary 3, we divide the proof into cases according to δ(G). Case 1. δ(G) = 3: Since G does not contain , there is at most one (3, 3, 3 + )-face f 1 in G. The sum of weights of f 1 (if it exists) and the 3-vertices incident to f 1 is at least (−4) + (−1) × 3 = −7. In the following, we do not transfer weight to f 1 or to any 3-vertex incident to f 1 .
Our discharging rules are as follows: (R1) Transfer 1 from each 5 + -vertex to every adjacent 3-vertex v which is adjacent to exactly two 3-vertices. We can conclude the following properties by the above rules. (P1) If f is a 7 + -face and f = f 1 is a 3-face adjacent to f , then (R4) asserts that 
Since G contains no 4-cycles, two 3-faces do not have an edge in common, so we have
Suppose that m 3 (v) = 2. Since G does not contain (1) (2) and f is not a (3, 3, 3 + )-face, we have the number of the 3-vertices (other than the one in f 1 ) adjacent to v is at most 1. Moreover, since G does not contain (1) (2) (3) , this 3-vertex (if it exists) is nonadjacent to other 3-vertices. Hence τ (v → f ) ≥ (2 − Suppose that m 3 (v) = 2. If v is incident to a (3, 5, 4 + )-face, we have n 3 (v) ≤ 2 since G does not contain (1-4). When n 3 (v) = 2, each 3-vertex adjacent to v is not adjacent to any 3-vertex since G does not contain (1) (2) (3) (4) (5) and (1) (2) (3) (4) (5) (6) . 
Next we consider w (x) for all x ∈ V ∪ F. Consider v ∈ V with d(v) = 3, that is not incident to f 1 . Since G does not contain (1) (2) (3) (4) (5) (6) (7) , if v is adjacent to two 3-vertices, then v must be adjacent to a 5 + -vertex (v must be adjacent to a 5 + -vertex or a 2-vertex in the following Subcase 2.1). Therefore, (R1) asserts that w (v) = −1 + 1 = 0. When v is adjacent to exactly one 3-vertex, then w (v) = −1 + Consider v ∈ V with d(v) ≥ 5. Since we do not transfer weight to f 1 or to any 3-vertex incident to f 1 , if v is incident to a 3-face other than f 1 , we have w (v) ≥ 0 by (P3), (P4) and (R5). Otherwise we have
Since we do not transfer weight to f 1 or to any 3-vertex incident to f 1 , if f is adjacent to a 3-face other than f 1 , we have w (
Consider f ∈ F, f = f 1 with d( f ) = 3, each face adjacent to f is a 7 + -face since G contains no 4-or 6-cycles. When f is a (3, 4, 4)-face, each 4-vertex incident to f is not adjacent to any (other than the one in f ) 3-vertex since G does not contain (1-2) . Since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) , each 4-vertex incident to f is adjacent to exactly one 3-face. Hence w ( f ) ≥ −4 + 
G contains no (3, 3, 2 + )-faces since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) . Each 3-face in the following is not a (3, 3, 2 + )-face. Subcase 2.1. There are at most two 2-vertices: When there is a 2-vertex incident to a 3-face, then G contains no (2, 2, 3 )-faces since G does not contain (1-10) . If G contains a (2, 2, 4 + )-face, then the sum of weights of this (2, 2, 4 + )-face and incident 2-vertices is (−4) + (−4) × 2 = −12. If G contains at most two (2, 3 + , 4 + )-faces, then the sum of weights of (2, 3 + , 4 + )-faces and incident 2-vertices and incident 3-vertices is at least (−4) × 2 + (−4) × 2 + (−1) × 2 = −18. When each 2-vertex is not incident to any 3-faces, then the number of 3-vertices adjacent to a 2-vertex is at most 4. Then the sum of weights of 2-vertices and the 3-vertices adjacent to a 2-vertex is at least 2 × (3 × 2 − 10) + 4 × (3 × 3 − 10) = −12. The rest of Subcase 2.1 is just like Case 1, except that we do not transfer weight to 3-vertices and 3-faces that are incident to a 2-vertex (and there is no f 1 ). Then −20 = x∈V ∪F w(x) = x∈V ∪F w (x) ≥ −18, a contradiction. Subcase 2.2. There are at least three 2-vertices: Each 2-vertex is not adjacent to other 2-vertices since G does not contain (1-11) . Since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) , the number of 2-vertices adjacent to a 3-vertex is at most 1. Suppose that there is a 2-vertex v 1 adjacent to a 3-vertex, then no 2-vertex is adjacent to a 4-vertex since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) and (1-13) . Since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) , each 2-vertex is not adjacent to two 3-vertices. Then the sum of weights of v 1 and the 3-vertices adjacent to v 1 is (−4) + (−1) = −5.
Suppose that there is no 3-vertices adjacent to any 2-vertices, then the number of 2-vertices adjacent to a 4-vertex is at most 1 since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) . We denote this 2-vertex (if it exists) by v 2 . We have w(v 2 ) = −4. Since G does not contain (1-10), G does not contain (2, 4, 4) -faces. In the following, we do not transfer weight to 2-vertices that are adjacent to any 3-or 4-vertices.
Our discharging rules resemble those in Case 1, except that weight is transferred to 2-vertices just prior to new steps (R6 ) and (R7 ). (R6 ) (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) , then n 2 (v) = 1. Since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) , then v is not incident to any (2, 5, 2 + )-faces. Since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) , then v is not incident to any (3, 5, 4 + 
Suppose that m 3 (v) = 2. We have n 3 (v) = 0 since G does not contain (1-21). Since we do not transfer weight to 2-vertices that are adjacent to any 3-or 4-vertices, hence τ (v → f ) = (5 − 2)/2 = 3 2 by (R5 ) and (R7 ). Suppose that m 3 (v) = 1, then n 3 (v) ≤ 2. Since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) , each 3-vertex adjacent to v is not adjacent to any 3-vertices. Hence Proof. When v is not adjacent to any 2-vertices, (P4) in Case 1 holds. Otherwise we have n 2 (v) = 1 since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) . Since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) 
If v is incident to a (2, 6 + , 4 + )-face, we have n 3 (v) = 0 since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) . Since we do not transfer weight to 2-vertices that are adjacent to any 3-or 4-vertices, (R5 ) and (R7 ) guarantee that
Otherwise v is not incident to any (3, 6 + , 3 + )-faces since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) . Since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) , each 3-vertex adjacent to v is not adjacent to other 3-vertices. (R3 ) , (R5 ) For every 3-or 4-vertex v, except for the (possible) one 3-vertex u 1 adjacent to the 2-vertex v 1 , because the discharging rules (R1 ), (R2 ) (R3 ) and (R4 ) in Subcase 2.2 is the same as (R1), (R2) (R3) and (R4) in Case 1 and the existence of u 1 makes that w (v) in Subcase 2.2 is not less than w (v) in Case 1, the discussion (and the conclusion that w (v) ≥ 0) is the same as in Case 1.
Consider v ∈ V with d(v) ≥ 5. When v is not adjacent to any 2-vertices, the discussion is the same as in Case 1. When v is adjacent to a 2-vertex and is incident to a 3-face, we have w (v) = 0 by (P3 ), (P4 ) and (R7 ). When v is adjacent to a 2-vertex but is not incident to any 3-faces, we have n 2 (v) = 1 since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) . Since G does not contain (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) , each 3-vertex adjacent to v is not adjacent to other 3-vertices. (R3 ) and (R5 ) 
